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I Recently, the BTZ black hole in the presence of the gravitational Chern-Simons term has 

been studied and it is found that the usual thermodynamic quantities, like as the black hole 
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^ : mass, angular momentum, and entropy, are modified. But, for large values of the gravitational 
OO ■ Chern-Simons coupling where the modification terms dominate the original terms some exotic 
^ ' behaviors occur, like as the roles of the mass and angular momentum are interchanged and 
^ ' the entropy depends more on the mraer-horizon area than the outer one. A basic physical 
problem of this system is that the form of entropy does not guarantee the second law of 
Qh! thermodynamics, in contrast to the Bekenstein-Hawking entropy. Moreover, this entropy does 
^ , not agree with the statistical entropy, in contrast to a good agreement for small values of the 
gravitational Chern-Simons coupling. Here I find that there is another entropy formula where 
^ ■ the usual Bekenstein-Hawking form dominates the inner-horizon term again, as in the small 
d ' gravitational Chern-Simons coupling case, such as the second law of thermodynamics can be 
guaranteed. I also find that the new entropy formula agrees with the statistical entropy based 
on the holographic anomalies for the whole range of the gravitational Chern-Simons coupling. 
This reproduces, in the limit of vanishing Einstein-Hilbert term, the recent result about the 
exotic BTZ black holes, where their masses and angular momenta are completely interchanged 
and the entropies depend only on the area of the inner horizon. I compare the result of the 
holographic approach with the classical-symmetry-algebra-based approach, and I find exact 
agreements even with the higher-derivative term of gravitational Chern-Simons. This provides 
a non-trivial check of the AdS / CFT-correspondence, in the presence of higher-derivative terms 
in the gravity action. 
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I. Introduction 



The gravitational Chern-Simons term in Einstein gravity, with a vanishing cosmological 
constant A, produces a propagating, massive, spin-2 mode, although the separate actions do not 
[1,2]. ( This system is known as the "Topologically Massive Gravity" (TMG) in the literatures. 
) So, a massive object in this theory has the gravitational Chern-Simons dressing whose size is 
governed by the inverse of the graviton's mass, which is proportional to the coupling constant 
of the gravitational Chern-Simons term. 

Recently, the BTZ black hole system as a trivial solution of the gravitational-Chern-Simons- 
corrected gravity in three-dimensional anti-de Sitter space (AdS) with a negative cosmological 
constant A = ( 1 call this the gravitational-Chern-Simons- corrected/ dressed BTZ (GCS- 

BTZ) black hole ) has been studied in the context of the higher-derivative/curvature gravities 
[3, 4, 5, 6, 7, 8, 9]. And, it is found that the usual thermodynamic quantities of the BTZ black 
hole, like as the black hole's mass, angular momentum, and entropy are modified as 



which shows some mixings between the original BTZ black hole's mass m and angular mo- 
mentum J, and also some deviation, proportional to the inner-horizon's area, from the usual 
Bekenstein- Hawking form [10, 11] in the entropy [5, 7, 8, 9]. Here, the parameter x is propor- 
tional to the gravitational Chern-Simons coupling constant. These modifications would be the 
results of the gravitational Chern-Simons dressing in the AdS space, which have been absent 
in the usual topologically massive gravity with A = 0. 

But, that does not change much about the physical contents of the usual BTZ black hole 
when the parameter x is not large enough, more exactly when it is smaller than a critical value 
of the coupling constant. In fact, there is a good agreement in the entropy (1.2) with the 
statistical entropy, based on the conformal field theory (CFT) for the Virasoro algebras at the 
spatially infinite boundary [7, 8], as in the usual BTZ black hole systems [12, 13, 14]. 

However, for large values of the gravitational Chern-Simons coupling where the modification 
terms dominate the original terms some exotic behaviors occur, like as the roles of mass and 
angular momentum are interchanged and its black hole entropy depends more on the inner- 
horizon area than the outer one. Actually, similar phenomena have been also known for some 
time in several other contexts [15] where the masses and angular momenta are completely 
interchanged and the black hole entropies depend only on the areas of the inner horizon ( 1 
have called these kinds of black holes as the exotic black holes [16] ), in completely contrast to 
the Bekenstein-Hawking entropy formula [10, 11]. This looks similar to the suggestion in Ref. 



M — m + xj/l, J — j + xlm, 
27rr+ 27rr_ 



(1.1) 

(1.2) 



AGh AGh' 
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[17]. 

But a basic physical problem of those approaches is that the second law of thermodynamics 
is not guaranteed with their entropy formulae, in contrast to the Bekenstein-Hawking form [10]; 
actually, without the guarantee of the second law, there is no justification for identifying the 
entropies, even though they satisfy the first law, with the inner-horizon areas [11]. Moreover, 
those entropies do not agree with the statistical entropies, in contrast to a good agreement for 
small values of the gravitational Chern-Simons coupling, though this has not been well known 
in the literatures. 

In the usual system of black holes, the first law of thermodynamics uniquely determines (up 
to an arbitrary constant) the black hole entropy with a given Hawking temperature r+ and 
chemical potential for the outer (event) horizon r+. In this context, there is no choice in the 
entropy of the GCS-BTZ black hole, other than (1.2), which is problematic for large values of 

X. 

But recently, I have proposed a new entropy for the case of the exotic black holes [16], which 
corresponds to the |a;| — > cxo limit, such as the entropy has the usual Bekenstein-Hawking form, 
which is proportional to the area of the outer horizon. And I have found that the new entropy 
formula have a good agreement with the statistical entropy, based on the CFT at the spatial 
infinity. 

In this paper I argue that the new approach can be generalized to large but finite values 
of X also: By considering the characteristic angular velocity and temperature as those of the 
inner horizon, a new entropy formula is found from the first law of thermodynamics. This new 
entropy agrees well with the statistical entropy. But, for small values of x, the system behaves 
like as an ordinary BTZ black hole with the characteristic angular velocity and temperature 
as those of the outer horizon with the known entropy formula (1.2), which agrees with the 
statistical entropy as well. So, I argue that there are two different phases of the GCS-BTZ 
black hole, depending on its gravitational Chern-Simons coupling constant. For each phase, 
the second law of the thermodynamics is guaranteed and there are good agreements with the 
statistical entropies. 

The plan of this paper is as follows. 

In Sec. II, I consider the thermodynamics of the GCS-BTZ black hole and find the new 
entropy formula for the large gravitational Chern-Simons coupling > 1, as well as the usual 
entropy formula for the small coupling < 1, from a new re-organization of the first law of 
thermodynamics. I study also the Smarr formula and find the same form as in the usual BTZ 
black holes without the gravitational Chern-Simons term. 

In Sec. HI, the statistical entropy, based on the holographic anomalies, is considered, and 
I find perfect agreements with the thermodynamic entropies that have been studied in Sec. II, 
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for the whole range of the gravitational Chern-Simons couphng. The new entropy formula, as 
well as the ordinary one, is supported by the CFT approach, which is robust in the context of 
the AdS/CFT correspondence. 

In Sec. IV, the classical symmetry algebra approach, based on the Chern-Simons formula- 
tion of three-dimensional gravity, is considered for comparison with the holographic anomaly 
approach of Sec. Ill, and I find exact agreements between them. This provides a non-trivial 
check of the AdS/CFT-correspondence, in the presence of higher-derivative terms in the gravity 
action. In order to ensure that the exact factor matching even with the gravitational Chern- 
Simons term is a solid result, by carefully fixing the subtleties involving the normalization 
differences between the different bases and conventions in the literatures, I include some details 
of the computations and useful formulae in Appendix A. 

In Sec. V, I conclude with several discussions. 

In Appendix B, I briefly review on the derivation of the Cardy formula and its higher-order 
corrections for completeness. 

I shall omit the speed of light c and the Boltzman's constant ks in this paper for conve- 
nience, by adopting the units of c = 1, ks = 1. But, I shall keep the Newton's constant G and 
the Planck's constant h in order to clearly distinguish the quantum (gravity) effects with the 
classical ones. 

II. Thermodynamics of the GCS-BTZ black hole 

A. The BTZ black hole in gravitational-Chern-Simons-corrected grav- 
ity 

The (2+l)-dimensional gravity with a gravitational Chern-Simons term and a negative 
cosmological constant A = — 1//^ is described by the action on a manifold Ai [1, 2] [ omitting 
some possible boundary terms ] 

^»=i6bL^'^^(«+l)+^-- (^'i' 

where the gravitational Chern-Simons term is given by ^ [ the Greek letters (/i, z^, a, ■ ■ •) denote 
the space-time indices and Latin (a, b,c,-- ■) denote the internal Lorcntz indices; I take the 
metric convention riab=diag{—l, 1, 1) for the internal Lorentz indices, and the indices are raised 
and lowered by the metric riat ] 

Iocs = ^ d'x e'^^" (i?„„M.a;"'a + j u;\yauOo\a) . (2.2) 

^Note that the dimensioless couphng constant (3 = x \& related to the one used in Refs. [1, 2] as /3 = — l/(/uZ), 
in Ref. [8] as /3 = -Ps/l, and in Ref. [7] as /? = -2,2ttG13kl/1. 
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Here, the spin-connection 1 — form uj"'i, — uj°'bndx'^, ujabu — —i-^hafx is determined by the torsion- 
free condition 

de" + A - (2.3) 

with the dreibeins 1-form e" = e"' ^dx^, and the curvature is then Rah^iv = d^Uabu + '-^a^/j.'-^cbu — 
z/). [I take the same definitions as in Ref. [7] for the curvature 2-form Rab — 
{l/2)Rah^v dx^Adx'^ and the spin-connection 1-form cuab- Some useful formulae are summarized 
in Appendix A. ] Note that Iocs is of the third-derivative order, rather than the second as in 
the Einstein-Hilbert term, so this is the first higher-derivative correction in three-dimensional 
spacetimes. 

The resulting equations of motion, by varying Ig of (2.1) with respect to the metric^, are 

R^'' - Ig^^R -i^g""" ^ /3^C'''^ (2.4) 

where the Cotton tensor C^" is defined by 

C^'' = -^e>""'V,{R\ - \5\R), (2.5) 

which is traceless and covariantly conserved [1]. From the fact that the Einstein equation (2.4) 
gives a constant curvature scalar R — — the equation (2.4) can be further reduced to 

= -g^^- + J:^e^P^V pR\. (2.6) 

It would be a non-trivial task to find the general black hole solutions for the third-derivative- 
order equations^. However, there is a trivial solution, e.g., the BTZ solution because it satisfies 
the equation (2.6) trivially with C^''' = ef^^^V pR" ^ / = [3]. This looks like a too-trivial 
situation which does not have any higher-derivative effect of the gravitational Chern-Simons 
term. But actually this is not the case, as we will see, since there are some non-trivial shifts in 
the physical parameters of the black hole [5, 7, 8]; actually, the BTZ solution is rich enough to 
show some genuine effect of the gravitational Chern-Simons term. So, I concentrate hereafter 
only the BTZ solution, which is given by the metric [19] 

ds^ = -N^df + N-^dr^ + r^(d(l) + N'^'dtf (2.7) 

''The variations of Igcs depends only the metric, though it does not look clear at first sight, as SIqcs = 
(W/SttG) d^x,/^ C^'-^S/x-^ [1, 7]. 

^Recently, a non-trivial two-parameter family of black hole solutions have been found [18], but it does not 
seem that its properties have been fully elucidated yet. 
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with 

iV-- '"-'-;»f-'-' . iV*^-I±^. (2.8) 

Here, r+ and r_ denote the outer and inner horizons, respectively. 

In the absence of the gravitational Chern-Simons term, the conserved mass and angular 
momentum of the black hole are given by 

respectively. Note that these parameters satisfy the usual mass/angular momentum inequality 
'iTT'^ > P/l^, in order that the horizon exists or the conical singularity is not naked and the 
equality holds for the extremal black hole, where the inner and outer horizons overlap. 

But, in the presence of the gravitational Chern-Simons term, it has been found that these 
"bare" parameters are shifted as (1.1)^, i.e., 

M^m + pj/l, J = j + pim, (2.10) 

respectively and these modifications would be the results of gravitational Chern-Simons term 
in AdS space. One remarkable result of these modifications is that the usual mass/angualr 
momentum inequality is not valid generally 

- ^ (1 _ ^2^,(^2 _ j2^i2^^ (2.11) 

but it depends on the values of the gravitational Chern-Simons coupling constant f]: For small 
values of coupling < 1, the usual inequality is preserved, i.e., > J"^ /l"^; however, for the 
large values of coupling > 1, one has an anomalous inequality with an exchanged role of the 
mass and angular momentum as J'^/P > M^; on the other hand, at the critical value \P\ = 1, 
the modified mass and angular momentum are "always" saturated, i.e., = J^/P, regardless 
of inequality of the bare parameters m and j. 

B. Black hole thermodynamics 

Since the solution (2.7) has the same form of the metric as the usual BTZ solution, it has 
the same form of the Hawking temperature and angular velocity of the outer (event) horizon 
r+ as the BTZ also 



+ 27r 



r+ + 



2) 



(2.12) 

'r+ lr+ 



^This has been computed in several different approaches, e.g., the super-angular momentum's in Ref. [18], 
the quasi- local method's in Ref. [5], the ADM's in Ref. [20], the holography's in Refs. [7, 8]. But, they all give 
the same result. 
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with the surface gravity function k — dN'^/{2dr). 

Now, by considering the first law of thermodynamics as 



SM ^fl+SJ + T+5S (2.13) 

with and as the characteristic temperature and angular velocity of the system, one can 
easily determine the black hole entropy as 

There is no other choice in the entropy in this usual context [15, 8, 9]. In fact, this has been 
computed also in rather formal contexts, like as the Euclidean method of conical singularity [8] 
and Wald's formahsm [9], but the same entropy has been obtained. 

However, an inherent problem of all those approaches is that there is no general proof 
about the second law of thermodynamics when higher-derivative/curvature terms are included 
in general [21]. In our case of (2.14), there are two contributions: One is the usual Bekenstein- 
Hawking term 

Ss.= '^, (2.15) 

which guarantees the second law from Hawking's area theorem [10, 11] , which saying the increase 
of the area of the outer horizon A+ — 27rr_|_. Another term is proportional to the inner- horizon 
area A- — 27rr_ and this comes from the gravitational Chern-Simons term. But, in this 
second part, the second law would be questionable since some of the basic assumptions for the 
Hawking's area theorem, i.e., cosmic censorship conjecture might not be valid for the inner 
horizon, in general. Moreover, the usual instability of the inner horizon makes it difficult to 
apply the Raychaudhuri's equation to get the area theorem, even without worrying about other 
assumptions for the theorem; actually, this seems to be the situation that really occurs in our 
GCS-BTZ black holes also [22, 23]. 

But, there is a novel situation where the total entropy (2.14) still satisfies the second law, 
though all its constituents do not. This is the case where the usual Bekcnstcin-Hawking term 
dominates the exotic term proportional to A-: Since r_|_ > r_ is always satisfied, this condition 
is equivalent to \(3\ < 1. Actually, this is the case where the usual mass/angular momentum 
inequality holds, as I have shown in the previous sub-section II. A, the system behaves as an 
ordinary BTZ black hole, though there are some shifts in the mass, angular momentum, and 
entropy. 

On the other hand, for large values of coupling \P\ > 1, where the exotic term dominates 
the Bekcnstein-Hawking term, the above argument does not guarantee the second law of ther- 
modynamics generally. Then, without the guarantee of the second law of thermodynamics. 
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there is no justification for identifying entropy (2.14), even though it satisfies the first law of 
thermodynamics (2.13), and its characteristic temperature and angular velocity have the usual 
identifications [11]. 

So, in order to avoid the problem for the large couplings, we need another form of the entropy 
which is dominated by a term linearly proportional to the outer horizon area A+, following 
the Bekenstein's general argument [11], which should be vahd in my case also. Recently, I have 
studied the extreme limit — > oo of the system and found that the new entropy formula can 
be determined by a new re-organization of the first law of thermodynamics; here, I consider its 
generalization to my case. A crucial fact for the new formulation is by observing the following 
identities in the BTZ system 

6m = n+Sj + ^' + „ I ) (2.16) 




where 



n_ = -N't' 



Ir^ 



(2.17) 



(2.18) 



is the angular velocity for the inner horizon; these identities show a symmetry between r+ and 
r_, which would refiect the symmetry in the metric (2.7), (2.8) and the bare parameters (2.9). 

Then, the first identity (2.16) produces the usual first law of thermodynamics with the 
Hawking temperature 7+, angular velocity 0+ for the outer horizon, and Bekenstein- Hawking 
entropy Sbh' 

Sm = Q+Sj + T+SSbh- (2.19) 

The second identity (2.17) is an interesting re- arrangement of the first identity by replacing 
r+ with r_; this would be remarkable since the first law does not uniquely determine (up to a 
constant) the black hole entropy, as well as the characteristic temperature and angular velocity, 
in contrast to usual belief; actually, the second identity (2.17) implies that the system can be 
also considered as a black hole with the entropy 

- = (-0, 
which is proportional to the inner- horizon area A- , and the characteristic temperature^ 



27r 



h{ri — r^) 
27r/V_ 



(2.21) 



have used the definition of k as 'V'^{x^X^l} = ~i^X'^ for the horizon KiUing vector in order to determine 
its sign, as well as its magnitude. 
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and angular velocity Q_ for the inner horizon: 



Sm^fl_Sj + T_SS^. (2.22) 

Here, the physical relevances of the parameters T_ and are not clear. But, here and below, 
I use T_, fl_ just for convenience in identifying the new entropy, from the "assumed" first law 
of thermodynamics (2.22).^ 

Now, let me consider, from (2.10), 

5M - n_5J ^5m- n^5j + P{5j/l - nJ5m), (2.23) 

instead of 6M — fl^SJ in (2.13). Then, it is easy to see that the first two terms in the right 
hand side become T_6S^, by using the second identity (2.17) or from (2.22). And also, the 
final two terms in the bracket become T_6Sbh, by using the first identity (2.16) and another 
identity 

Q_ = Q-H'^. (2.24) 
So, finally I find that (2.23) becomes a new re-arrangement of the first law as 

SM = n^SJ + T^SSne^, (2.25) 

with the new black hole entropy 

With the above new entropy formula, it is easy to see that the previous argument for the 
second law of thermodynamics of (2.14) in the small values of couphng < 1 can now be 
apphed to that of (2.26) in the large values of couphng /3 > 1. 

On the other hand, for the large but "negative" values of coupling (3 < —1, the entropy 
formula (2.26) would not guarantee the second law of thermodynamics nor the positiveness of 
the entropy: The entropy would "decrease" indefinitely, with the negative values, as the outer 
horizon r_|_ be increased, following the area theorem. But, there is a simple way of resolution 
from the new form of the first law (2.25). It is to consider 



^The positive-valued surface gravity and temperature with T = |K_/(27r)| (as in Ref. [23]) produces an 
incorrect sign in front of the TdS term in (2.25). 
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instead of and actually this seems to be the unique choice: One might consider 

27rr_ n 27rr_|_ 



Snew" = ^ - /^S, but then the first law (2.25) is not satisfied. 



C. Smarr formula and its universality 

So far, I have argued that there arc two different phases of the GCS-BTZ black hole, depend- 
ing on its gravitational Chern-Simons coupling. The physics is quite different in the two phases, 
having different thermodynamic functions, T^,Q^,S for < f and T_,fl_, S^^w for > f. 
But, for each phase, the second law, as well as the (assumed) first law of thermodynamics, is 
guaranteed. 

On the other hand, it is known that the bare BTZ black hole satisfies the three-dimensional 
Smarr formula [24] 

m = ^T+Sbh + n+j. (2.29) 

So, an interesting question would be whether this formula is deformed in the presence of the 
higher-derivative/curvature terms in the action; also, the study of this relation would be im- 
portant in that it could show some universal characteristics of the system, in connection with 
other thermodynamic systems which look completely different. 

This would be a non-trivial question in the general asymptotically- AdS space [25]. But, in 
our GCS-BTZ case, the Smarr formula (2.29) is unchanged from some magic of the system. 
The magic comes, first, from the following identity, in addition to (2.29), 

m = ^T_S- + fl-j (2.30) 

and this can be considered as another re-arrangement of the three-dimensional Smarr formula 
(2.29), which has never been considered in the literatures. And also, by considering (2.24) and 
T_ni^ = — T+//, one has the identities 

j/l = ^T_S+ + m-m (2.31) 

= ^T+S. + m+m. (2.32) 

The first and second identities come from (2.29) and (2.30), respectively. 

Then, from all these magical identities, one can easily find the following Smarr formulae for 
the gravitational-Chern-Simons-corrected mass and angular momentum, M and J, respectively 

M = ^T+S + n+J, (2.33) 

M = ^T_,Snew + ^-^ (2.34) 

= ^T-Xw' + ^^-J, (2.35) 
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by considering (2.29) and (2.32), and (2.30) and (2.31), respectively. Here, (2.29) and (2.33) 
describe the black holes with |/3| < 1 since T+ and are considered as the characteristic 
parameters of the system. Similarly, (2.30) and (2.34) describe those with \P\ > 1. 

So, I have found that the two Smarr formulae (2.29) and (2.30) extend to the GCS-BTZ 
black hole with the corrected M, J, and the entropies S, S^ew, or -S'new'- However, it is not clear 
whether the covariance of Smarr formula is just a result of the speciality of the gravitational 
Chern- Simons term or there are other deep reasons. 

III. Statistical entropy: The holographic anomaly approach 

In the usual context of the AdS/CFT correspondence [26], the central charges for the CFT 
on the asymptotic AdS boundary are identified by evaluating the anomalies of the CFT effective 
action, from the regularized bulk gravity action [27, 28, 29]. 

Recently, the approach has been applied to the action (2.1), and it is found that there are 
anomalies in the expectation values of the boundary stress tensor Tij = 26Ig[Y-']/ -s/— 7^7*"', for 
the boundary metric ds'^ = jijdx^dx^ ~ —r'^dx^dx~ with r taken to infinity, 

with the central charges [ I follow the conventions of [29] ] 

with 7=*= = 1 ± /3 for the right/left- moving sectors with the superscripts + and — , respectively. 
Here, I have defined ~ 0{h'~^) as the quantum- mechanical central charges of the boundary 
CFT, due to (quantum) anomaly {2-fij5\og Z / y^^S^^) = -cR^'^y {2An) ~ 0{h~^) such as they 
contain the Planck's constant h, intrinsically. However, the bulk computation of the holographic 
anomaly has no h because it just uses the classical action and equations of motion, e.g., T±± = 
— c^/(247r) ~ 0(1), with classical numbers ~ 0(1). Note that the quantum-mechanical 
central charges defined in this way have the correct "l//i"-factor for the semiclassical black 
hole entropy, like as the Bekenstein-Hawking entropy (2.15), via the Cardy formula [30, 31]. 
It seems that this l//i-factor is closely related to that of the black hole entropy in Euclidean 
action approach [32], where l//i-factor occurs from the zero- loop approximation of the effective 
action \ogZ ^ —Icsh~^. 

By considering (3.1) as the anomalous transformations of the boundary stress tensors under 
the diffeomorphism dx^ = —^^{x^), 
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with the generators 



t 

n c 

« ^ 247r 

= ][T-,L-[C]] (3.3) 



L^[e] = \jdx^T^^e{x^) + ^, (3.4) 



one can obtain a pair of quantum Virasoro algebras 



[^m, ^n] = (m - n)L^+„ + —m{m^ - l)5„+n,o (3.5) 



for a monochromatic basis ^'^ = e^^^^ with the integer numbers m, n. Here I note that 
this reduces to the usual result for the holographic conformal anomaly in the /3 — ^ limit 
[27, 28, 29], whereas /3-dependent terms come from the holographic gravitational anomaly due 
to the gravitational Chern-Simons term [7, 8]. 

Now, let me consider the ground state Virasoro generators, expressed in terms of the black 
hole's mass and angular momentum: 

_ IM±J c± 
I ilm ± 7) 

= 7^-^^ . (3.6) 

^ 2^1 24 ^ ' 

With the Virasoro algebras of Lf^ in the standard form, which are defined on the plane, one 
can use the Cardy formula for the asymptotic states [30, 33, 31, 34, 35] 



log p(A=^) ~ 271 



i(a*-24Ay (A±-y. (3.7) 



where are the eigenvalues, called conformal weights, of the operator Lq for black-hole 
quantum states |A='=), and A^^^ are their minimum values. Here, 1 note that the above Cardy 
formula, which comes from the saddle-point approximation of the CFT partition function on a 
torus, is valid only if the following two conditions are satisfied: 



24A^fF 

-:±^ > 1, (3.8) 
4Ae1r » 1, (3.9) 
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where = A='= — and = — 24:A^^^ are the effective conformal weights and 

central charges, respectively; from the first condition, the higher-order correction terms are 
exponentially suppressed as e'~'^^^'^^^'^~^irii-n) with = 24A^/c^; from the second condition, 
the usual saddle-point approximation is reliable, i.e., p{^^) dominates in the partition function 
(see Appendix B for the details) . 

Then, the statistical entropy for the asymptotic states becomes 

-^stat = logp(A+)-Mogp(A-) 

TT TT 

|7"^(r+ + r^)\ + — — |7"(r+ - r_)| 



^ 4^^'^^l + l^"l^^++4^^'^^l"l^"'^^-' ^^-^^^ 

where I have chosen A^j^^^ = 0, as usual [12, 13, 14]; from (3.6), this corresponds to the AdS3 
vacuum solution with m — —1/(86*) and j — 0, in the usual context, but it has a permanent 
rotation as well, in the new context [7] , 

Note that the correct "1/^" -factor for the semiclassical black hole entropy comes from the 
appropriate recovering of h in (3.2) and (3.6). According to the conditions of vahdity (3.8), 
(3.9), this entropy formula is valid only when both of the two conditions 

(r+±r_)>/, (3.12) 
{r+±r_):^hG (3.13) 

are satisfied. The usual semiclassical limit of large black hole (area), in which the back-reaction 
of the emitted radiation from the black hole is neglected [36] and so the thermodynamic entropy 
formula (2.14) and (2.26) from the first law can be rehable, agrees with the condition (3.13). So, 
there would be no obstacles to compare the statistical entropy (3.10) with the thermodynamical 
one. Note that from another condition (3.12) we are considering a more restricted class of black 
hole systems^, though this does not seem to be needed, in general. 

Now, let me consider the following four cases, depending on the values of /3: (a). < 1, 
(b). /3 > 1, (c). $ < -1, and (d). \$\ = 1. 

(a). 1^1 < 1: In this case, I have |7^| — 7^, and the statistical entropy (3.10) becomes 

- '^'^^^'-^ (3.14) 



'stat 



4Gh ' AGh 



^At this state, the condition of large central charges 3> 1, i.e., / 3> fiG [12], which would be related to 
the leading supergravity approximation of AdS/CFT correspondence [26], is not needed yet. 
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from 7"*" + 7~ = 2, 7+ — 7" = 2/3. This agrees exactly with the usual entropy formula (2.14). 
And, this is the case where and A='= — c^/2A are positive definite such as the Cardy for- 
mula (3.7) has a well-defined meaning. In the gravity side also, it shows the usual behavior 
with the "positive" mass and angular momentum, satisfying the normal inequality > J"^ /P. 

(b) . /9 > 1: In this case, I have 17"*"! = 7"*", |7~| = — 7~, and so the statistical entropy (3.10) 
becomes 

This agrees exactly with the new entropy formula (2.26), which guarantees the second law of 
thermodynamics even in this case. And, this is the case where there is some abnormal change of 
the role of the mass and angular momentum due to J^/Z^ > M^, even though M and J both are 
positive definite, as usual. Moreover, in the CFT side also, this is not the usual system because 
cT — ^~?>1/{2G%) and A~ — c~/24 = 'y~{ml — j)/2h are negative valued, though their self- 
compensations of the negative signs produce the real and positive statistical entropy. The appli- 
cation of the Cardy formula to the case of negative c" and A~ — c'"/24 might be questioned, due 
to the existence of negatives-norm states with the usual condition L~| = (n > 0) for the 
highest- weight state |A~y However, this problem can be easily cured by considering another 
representation of the Virasoro algebra with L~ = — I/I^, c~ = —cT, and -^~|A~ ) = (n > 0) 
for the new highest- weight state |A~ ) [37]; this imphes that the Hilbert space need to be 
"twisted" in which the whole states vectors be constructed from the twisted highest-weight 
state |A+^ (8) |A~^. The formula (3.10), which is invariant under this substitution, should be 
understood in this context. On the other hand, if I take the limit ;9 — > 00 , in which there is 
only the gravitational Chern-Simons term, this becomes the "exotic" black hole system that oc- 
cur in several different contexts [15, 16]; however, note that this can not be obtained from (3.14). 

(c) . /9 < — 1: In this case, I have 17"*"! = —7"^, |7~| — 1~ , and the statistical entropy (3.10) 
becomes 

5stat = -^-/3^. (3.16) 

Note that this is positive definite, and this should be the case from its definition 5'stat = 
log(p(Aj")p(AQ )) > for the number of possible states p(Ao ) > 1. This agrees exactly with 
the new entropy formula (2.27), which guarantees the second law. And, this is the case where 
M can be negative and J has the opposite direction to the bare one j, in contrast to the positive 
definite M and J in the cases of (a) and (b), as well as the anomalous inequahty J^/Z^ > M^. In 
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the CFT side, c+ and A+ — c+/24 become negative- valued, now, and I need to twist this right- 
moving sector, rather than the left-moving one as in the case of (b), I/+ = —Ltn, c"*" = —c^, 
and -^^lA"*" ) = (n > 0) for the twisted highest- weight state |A+) ® |A" 



(d). = 1: In this case, one of 7=*= vanishes, i.e., 7+ = 0, 7 = 2 for ^9 = —1, and 
7+ = 2, 7~ = for /9 = 1. The statistical entropy becomes 

27r 

^stat = 4^(r-+-r_) = (3.17) 

S.t.t = ^{r+ + r.) (/3 = +l). (3.18) 

Note that (3.18) can be reproduced from (3.14) and (3.15), but (3.17) from (3.14) and (3.16). 
So, statistical entropies (3.17) and (3.18) agree exactly with the usual entropy formula (3.14)~ 
(3.16). As I have remarked previously in Sec. II. (b), this is the case where the mass/angular 
momentum inequality saturates = J^/l"^, regardless of m and j. In fact, they satisfy 



M = ±J/l = ^'^^l'^' > (3.19) 



for (3 = ±1, respectively. So, for non-extremal bare black holes with r_|_ > r_, the mass M is 
positive definite, but J changes its direction for (3 = —\. For extremal bare black holes with 
r+ = r_, one has M = J = 0, as well as Sst&t = 5* = satisfying the Nernst formulation 
of the third law of thermodynamics [38] for jS = —1, whence M = J = {Gh/{27c^l'^))Sstat = 
r'^/{2GP) > without satisfying the third law for /3 = 1, as in all other cases of (a)~(c) and in 
the usual Kerr black hole [39]. But, there are some subtleties about this in the fully corrected 
entropies; sec Sec. V about this issue. 

In summary, 1 have found exact agreements between the thermodynamical black hole en- 
tropies which have been evaluated in the bulk (AdS) gravity side and the CFT entropies in 
the asymptotic boundary, for the whole range of the coupling constant (3. So, the new entropy 
formula for the strong coupling |/3| > 1 seems to be supported by the CFT approach also. This 
reveals the AdS/CFT correspondence in the sub- leading order with the higher-derivative term 
of gravitational Chern-Simons, as well as in the leading order with the Einstein-Hilbert action. 

IV. Comparison with a classical symmetry algebra approach: Exact 
agreements 

There is an alternative approach to compute the Virasoro algebras with central charges. 
This is based on the classical symmetry algebras of the asymptotic isometry of AdS^ [40, 41, 
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42, 43, 44] 



{L^ LnV ~ - ^)^m+n + '^rn{m' - l)5^+„,o, (4.1) 

with "classical" central charges and the Dirac bracket { , }* [45]. 

It is well known that there is an exact agreement with the anomaly based approaches of 
Sec. Ill by the mapping [31], with the appropriate recovering of h, 

a- 4. ^ f . (4.2) 

in the absence of the gravitational Chern-Simons term [27, 28, 29] So, the statistical entropy 
agrees with the Bekenstein-Hawking entropy also. But, this is a quite non-trivial fact, and 
actually this provides an explicit check of the AdS/CFT correspondence by comparing the 
classical data (c^, L^), which can be directly computed, with the quantum data (c^, L^) in the 
anomaly approach, which can be identified only indirectly through the (conjectured) AdS/CFT- 
correspondence. 

So, it would be interesting to consider the classical approach in the presence of the gravita- 
tional Chern-Simons term also and compare with the results from the anomaly approach of Sec. 
Ill in order to see whether they both agree or not. This would provide a non-trivial check of the 
AdS/CFT-correspondence beyond the Einstein-Hilbert action; there are some works already in 
this direction [4, 49, 50], but there are several aspects which should be clarified. 

There are two "classically" equivalent approaches for this purpose. These are the purely 
gravity approach of Brown- Henneaux [40] and Chern-Simons (CS) approach. Here, let me 
consider the latter approach since it is easier and provides some explicit computations of the 
symmetry generators and their Dirac brackets of (4.1) even far from asymptotic boundary, 
which are not available in the former approach. Moreover, it can reveal the holographic phe- 
nomena explicitly and the novel boundary effects to the derivative of Dirac delta function, 
which are the mathematical origin of the classical central terms [43] . 



± 



A. Chern-Simons gauge theory with boundaries 

It is well known that CS (gauge) theory with boundaries produces central terms in Virasoro 
algebras, as well as in Kac- Moody algebras, even at "classical" level; this has been first spelled 

^°The classical algebra with the higher curvature terms was computed in Ref. [46] by transforming the 

gravity action with the higher curvature terms into the usual Einstein-Hilbert action with some auxiliary tensor 
matter fields. The same central charges and Virasoro generators have been obtained in the anomaly approach 
also recently [6] . But the validity of Ref. [46] is unclear since there would be non-trivial contributions in the 
generators and central charges from the matter fields in general [14, 47] , though the agreement seems to be 
plausible in the context of AdS/CFT [48, 6]. 
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out in [41], but rigorously computed later in [43, 44]. This is a general field theoretic result 
only if some appropriate boundary conditions are satisfied, regardless of the physical contents 
of the CS theory. Moreover, this is not an artifact of a "classical" theory, but persists even 
in quantum theory because it can not be removed from some quantum effects due to normal 
orderings [44]. 

So, if a theory can be expressed as the CS theory with the appropriate boundary conditions, 
one can quickly identify the Kac-Moody and Virasoro algebras with the classical central terms. 
This is actually the case of three-dimensional Einstein gravity with a cosmological constant A, 
where the usual BTZ black hole or the three-dimensional Kerr-de Sitter solutions (KdSs) are 
admitted, depending on the sign of A [41, 43]. 

The generalization of this approach to some more general class of gravity systems, i.e., with 
matter couplings [14] or with higher curvature terms [46. 6, 9] would not be possible, in general. 
But, the three-dimensional gravity with a gravitational Chern-Simons term is an exceptional 
case since the gravitational Chcrn-Simons term itself can also be expressed as the CS theory for 
another choice of the invariant quadratic forms of the Lie algebra, for a non- vanishing A [51]; 
on the other hand, for the case of A = 0, the quadratic forms are not well defined since they 
are degenerate. So, for the most general form of the invariant quadratic forms which admit 
the new choice for the gravitational Chern-Simons action as well, one can express the Einstein 
gravity with the gravitational Chern-Simons term and non-vanishing A as a CS gauge theory 
[51, 4]. 

Moreover, in the GCS-BTZ black holes, there is no difference in the metric form, though 
there are some shifts in the ADM mass and angular momentum, and so there is no difference 
in the boundary conditions for the corresponding CS theory; however, this would not be valid 
generally for other non-trivial solutions in which there are some important deformations of the 
metric itself. 

Hence, all the previous results about the bare BTZ black hole can be apphed to the GCS- 
BTZ case also, from the general results of the Kac-Moody and Virasoro algebras for the CS 
theory. 

B. SO(2,2) Chern-Simons gravity with the gravitational Chern- 
Simons term 

For the (2+l)-dimensional space with a negative cosmological constant A = —1//^, sym- 
metry of the space is 5*0(2,2), which has the following commutation relations among the 
generators of the Lie group 

[■^o, Jb] — ^ab^Jci [Jai -Pfo] — ^ab^Pci [Pai -ffe] — p^ab^ J c- (4-3) 
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The most general form of the invariant quadratic forms are [51, 4] 



a 



{Ja, Jb) = arjab, {Ja, Pb) = PVab, {Pa, Pb) = |^?7a6- (4-4) 

Here, a and jS arc some arbitrary constants, but the ratio of ( Ja, J^) and (Pq, P(,) are completely 
fixed by the algebras (4.3). 

The algebras (4.3) and the quadratic forms (4.4) look unusual. But, if I introduce 

J^ = \{Ja±lPa), (4.5) 

(4.3) and (4.4) become 

[J,±,J±] = e„5V,=^, [J,^,J,^] = 0, (4.6) 

Jb) = ± /SO^ab, {Jt Jt) - 0. (4.7) 

This is the usual form of the 5'L(2, R) x SL{2, R) Lie algebra but with different values of the 
quadratic forms of the two sectors. 

Now, by considering the Lie- algebra- valued one-form 

= (a;"±f)J^ (4.8) 

with the triads e" = e^-^dx^^ and the spin connections a;" = {l/2)e"'^'^uj^j,bcdx'^ the CS action 
becomes [ {A f\B) is understood as (^4 A ,B) ], up to some boundary terms, 

k_ 

An 
k 



IcslA] = — / /AAciA-F-AAAAA^ 
in Jm\ 3 / 

= / Tr(A+ AdA+ + - A+ AA+ A A+) - (+ ^ -) 

4n Jm \ 3 / 



— / Tr(eAR+]-eAeAe 
n Jm \ 3 

ka f „ / ( , 2 



where Q± = /3Z ± a, Tr{J^J^) = {l/2)riab and 



R — duj -\- uj Auj 

= -R'b.^dx'' Adx^" 



^^The definition depends on the signature of the internal metric rjab- Our formulae are the case where the 
number of negative signatures is odd. For more details about my conventions, see Appendix A. 
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T = cie + 2u;Ae 

= ^e^aT^^dx'^ A dx^ (4.10) 

are the curvature and torsion 2-forms, respectively. 

The equations of motion of the CS gravity, by treating and A~ "independently" , become 
the usual forms 

F± = dA^ + A^AA^ 

= R+ ^e±\T Ae = (4.11) 



F I 



or 



T = 0, (4.12) 

R + ^eAe^O, (4.13) 

where 1 have chosen the boundary conditions [41, 42, 44, 43], for each time slice, 

Ao\qm oc A^\qm, (4.14) 

/ dtdLp{A^,A^) = &xed, (4.15) 

JdM 



with the boundary action 



-— / dtdif {A^, Ao) . (4.16) 

47r JdM 



Here, I note that the equivalence of the equations (4.11) or (4.12, 4.13) and the Einstein 
equations (2.4) can be achieved only after solving the torsion-free condition (4.12) first. This 
should be the case since the spin-connections cu are not independent variables but are determined 
by the torsion-free condition (2.3) already. Actually, by plugging (4.12) into the action (4.9), 
it is a standard computation to show that (4.9) is equivalent to the gravity action (2.1), up to 
some boundary terms, with the couplings (see Appendix A for details) 

But at this point, there is one subtlety here: The whole CS equations of motion are not 
available when one of f2^'s vanishes and this occurs with (31 = a oi (3 = 2. In this critical 
case I have only one sector of the solutions in (4.11), such as the torsion-free condition (4.12) 
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is not "necessarily " required. So, the equivalence of CS gravity (4.9) with the gravitational- 
Chern-Simons-corrected gravity (2.1) can not be achieved in this case, generally. However, if I 
restrict the solution space to the torsion-free ones only, the equivalence is admitted still. This is 
actually the situation that I consider in this paper since the BTZ solution (2.7) satisfies (4.12) 
and (4.13), which do not depend on the choice of u or e. 

Now, in order to study the black hole solution (2.7), in the context of the CS gravity, it is 
convenient to introduce a proper radial coordinate p, such as (2.7) can be written as 

ds^ = -sinh^p ("T~ ~ '^-d'P^ + ^^dp^ + cosh^p ~ (4-18) 

with 

= r^cosh^p — r^sinh^p. (4.19) 

In these coordinates, the (outer) event horizon is at p = and hence this metric describes the 
exterior of the horizon for real values of p, but the interior for imaginary values of p. Then, it 
is easily checked that the 1-form gauge connections are given, in the proper coordinates, by 

= ±dp, 

= !±±Iz||^^d(^jcoshp. (4.20) 
[ The superscript indices denote the group indices a = 0, 1, 2.] In matrix form this becomes 

where z-^- = (r+ =]= r_)// and = t/l ± (p. From this, the polar components in the proper 
coordinates can be obtained as 

Af = ±Ji, = Tz± (U-'J^U), Af = TlA^ (4.22) 



""^^Note that the sign convention of f differs from Ref. [41], such as it agrees with the original BTZ metric 
(2.7) [19]. This agrees also with Refs. [7, 8, 9, 29]. 

^^I take Jo = \(^^-^ 0^)'"^^~^(o -l)'"^^~^(l o)' ^^'^ = 1 as in Ref. [41]. The final 

results about the Virasoro algebras, however, do not depend on the choice of the representation. 

-'^^Here, Ap = p^Ai^A^ = (p^Ai, for the orthogonal unit vectors p,(p on the spatial boundary (9E with M. = 
E X i?; S is a 2-dimensional disc of space, and i? is a 1-dimensional infinite, real manifold of time. 
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with 

. ) ■ (4.23) 



e±p/2 



Here, I note that this solution satisfies the boundary conditions (4.14) and (4.15) for any radius 
p, such as the solution can be implemented even at the boundary whose radius may be arbi- 
trary, from (at r+) to oo. And, the condition (4.15) implies the micro — canonical ensemble, 
from the relation (^A^, A^'^ ~ (m ± j/l). 

C. Symmetry algebras with classical central terms and statistical 
entropy 

The CS action has diffeomorphism {Dijf) symmetries. If there are boundaries, central terms 
appear in the symmetry algebras, even at the classical level. For a spatial and time-independent 
Diff: 

SfAr = f^'d,Ar+{dj^')Ar, 

= f^'d,A^\ (4.24) 

the Lagrangian of (4.9) transforms as SfLcs = dXf /dt with Xf = (kQ^) /(47r) d^x Trif^^A^A^) 
when the boundary conditions "74^^|gs=constant" is imposed, which is a quite natural choice 
according to the exphcit BTZ solution (4.22). 
Then, the conserved Noether charges become 

QHf) - ^lj'xTr{f^'Ate^^F$) 

£ Tr{2f^'A^A^^ + + /^MJAJ) (4.25) 

= Q^{f)+Q^{f) 

with the bulk and boundary parts Q%{f) and Q^{f), respectively; the last constant term, 
proportional to Tr{ApAp), in (4.25) was included to obtain the standard Virasoro central 
term, with the help of the ambiguities in the definition of Noether charge. These satisfy the 
Virasoro algebras with classical central terms in Dirac bracket algebras 

{QHflQHa)}* ^ {QUf).QU9)r 

« QsilL g]) - ^ Tr{A^A^) £ d^U^'d^g^' - /±%5^n,(4.26) 
where [figY = f^d^g^ ~ g'^d^f^ is Lie bracket on the boundary circle (c?S). 
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Under the Dijf generated by the Noether charges Q^{f), the gauge fields of (4.22), repre- 
senting the BTZ black hole, have the transformations 

SfAf = 0. (4.27) 

This imphes that the black hole solution (4.22) admits the isometrics, i.e., SfAf = as p — > oo 
when 

/^"laE = -a^/^laE (4.28) 

is satisfied, though not necessarily for arbitrary p. This exactly agrees, to the leading order, with 
the asymptotic isometrics found by Brown-Henneaux [40]^^. Contrary to the existence of the 
central term itself, this result is a purely non-Abelian effect which comes from the off-diagonal 
parts. 

Now, by substituting (4.28) with the insertion of Tr{A^A'^) = 1/2 for the black hole solution 
(4.22), the algebras (4.26) become the standard Virasoro algebras, in the coordinate space, with 
classical central charges 



c± = -12kn^Tr{AfA^) = (4-29) 



with 7^ = 1 ± /3. In the /5 ^ limit, these classical central charges reduce to the usual result of 
Brown-Henneaux [40] for the asymptotic isometry of AdS^ and also agrees exactly with that of 
conformal anomaly computation [27, 28, 29]. But interestingly, the /5-dcpcndent central charges 
give an exact agreement also with the semi — classical central charges 

c± = ^, (4.30) 

as in (4.2), that have been obtained from gravitational anomaly computation; this seems to 
be a quite non-trivial result since I don't see any general proof about the equivalence of the 
two central charges even without the gravitational Chern-Simons term though it seems to be 
quite plausible in the context of AdS/CFT correspondence, which identifies the "classical" 
asymptotic CFT of AdS space on the one hand with the "quantum-mechanical" CFT on the 
boundary on the other hand. 



There are several other ways to implenient the Diffeven for the finite values of p [52], where there are some 
RG — flows of the central charges and conformal weights without changing the statistical entropies. So, there 
remains the question on the very place where the black hole's degrees of freedom live. 
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The more familiar momentum-space Virasoro algebras (4.1) can be obtained by defining the 
boundary parts of the Noether charges in (4.25) as 

Qlif) = ^ £ d^f^^ L^e+-^) (4.31) 

and the central charges are given by (4.29). The ground state generators, from the definition, 
become 

- -^ij^ TriA^K + ^t^t) = l\{lm±3) + ^. (4-32) 

Note that the /9-dependent terms, as well as /9-independent terms, agree exactly with Lq — 
/% of (3.6). So, if I define the black hole's mass and angular momentum canonically as in 
(3.6), from the general consideration of CFT on the torus [53], 

, IM±J c± 
^0-^ + 24 ^'-''^ 

one obtains the same mass and angular momentum as in the anomaly approach [7, 8], which 
agree with the usual ADM quantities of (2.10) [5, 20] also. It does not seem that this is not just 
a coincidence but there be some deep reasons involving the holographic principle; however, our 
CFT computation of the statistical entropy does not depend on the manners of identifications 
of M and J but only on the geometrical quantities of r+ and r_ , such as the CFT computation 
provides a quite independent estimation of the would-be black hole entropy. 

Now with the Virasoro algebras with "classical" data of the central charges (4.29) and the 
ground state generator Lq in (4.32), it is straightforward to obtain the corresponding quantum 
Virasoro algebras [31] : If I consider the canonical quantization 

[^t^n] = MLi,L^r (4.34) 

for the quantum operators and a rescaling transformation 

L± ^ h{: L± : +^a±5„,o) (4.35) 

for the normal ordered operators : : with some possible normal ordering constants 0=*=, one 
can easily find the corresponding quantum Virasoro algebras 

[: : L^] = (m - n) : L^^„ : +'^m{m' - 1)5^,_„ (4.36) 

with 

Ctot = J- + Cquanf (4-37) 
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Here, the quantum correction Cquant is due to some operator re-orderings and it is order of 0(1). 

With the Virasoro algebras of : : in the standard form, which is defined on the plane, 
one can use the Cardy formula for the asymptotic states [31, 34, 35] as in (3.7) 



logp(A±) ^ 27r^ \ (c4 - 24A± J {k^ - ^ j , (4.38) 

where A"*^ are the eigenvalues of : : for the black-hole quantum states |A^), and Aj|;j^ are 
their minimum values. When expressed in terms of the classical generators Lq and the central 
charges through 

A± = - ha^, (4.39) 

one obtains 



logp(Lo±) 1 (c± - 24L^^^ + ^cj_, + 24^^a±) (^L^ - ^ - ^ - h'a^^ . (4.40) 

This approach shows explicitly how the classical Virasoro generators and central charges 
can give the correct order of the semiclassical Bekenstein-Hawking entropy (2.15), 

Sb„ ^ ^ (4.41) 

with ^c='=Lq ~ A+ 1 G; the quantum corrections due to reordering give the negligible order of 
0(1) effect to the entropy when one considers the large black holes with A+/{GTi) » 1. 

Then, the statistical entropy for the asymptotic states becomes [ omitting the small quantum 
corrections of the order of 0(1) ] 

-^stat = log p(L(J") + log p(Lo ) 

(l7l + l7l)r+ + - \l-\)r- , (4.42) 



AGh^' ' ' " ^ AGh 

where I have chosen -^^J^ = 0, which corresponds to the AdS^^ vacuum solution with m = 
— 1/(80) and j = 0, in agreement with (3.10). This has exact matchings with (3.10) in the 
/3-dependent correction terms, as well as /5-indcpcndcnt terms. 1 note also that the "l/^"-factor 
in the black hole entropy (4.42) was generated in the process of canonical quantization of the 
classical Virasoro algebras. 

So, the statistical entropy, based on the classical symmetry algebras, agrees with the thermo- 
dynamic black hole entropy even in the correction terms due to the gravitational Chern-Simons 
term, as well as the usual one for the Einstein- Hilbert action. This might a subtle issue because 
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of some normalization differences between tfie different bases and conventions in tfie litera- 
tures. Actually, there are ubiquitous factor "2" differences between different bases. So, I have 
included some details about the transformations of the formulae between the different bases 
and conventions in the Appendix A in order to ensure that this exact factor matching is a solid 
result, actually. 

V. Summary and discussions 

I have studied the thermodynamics of BTZ black hole in the presence of the higher-derivative 
corrections of the gravitational Chcrn- Simons term and its solid connection with the statistical 
approaches, based on the holographic anomalies and the classical symmetry algebras. 

The main results arc as follows: 

First, for the case of large coupling \P\ > 1 the new entropy formula is proposed from the 
purely thermodynamic point of view such as the second law of thermodynamics be guaranteed^^. 

Second, I have found supports of the proposal from the CFT based approaches which repro- 
duce the new entropy formulae for > 1, as well as the usual entropy formula for the small 
coupling case of |/3| < 1. 

Third, I have found the exact "factor" matchings between the holographic anomaly approach 
and the classical symmetry algebra approach from the Chern-Simons formulation of the three- 
dimensional gravity. This would provide a non-trivial check of the AdS/CFT-correspondence 
in the presence of higher-derivative terms in the gravity action. 

Now, several comments are in order. 

1. On the general validity of Cardy formula with higher-derivative/curvature corrections 
: It is interesting to note that the statistical entropy (3.10) from the Cardy formula (3.7) 
has basically the same form for both the Einstein-Hilbert action and the gravitational-Chern- 
Simons-corrected action; the only changes are some correction terms in the central charges 
and conformal weights themselves, rather than considering the higher- order corrections to the 
Cardy formula as in Ref. [35]. This seems to be true even in the presence of higher- "curvature" 
terms [46, 6, 9] and also in the supersymmetric black holes [55]. So, there should exist some 
explanations about this and actually this is the case. This comes from the fact that the 
higher-derivative/curvature actions do not necessarily imply the quantum corrections though 
the converse can be true [56]. So, if the higher-derivative/curvature gravities are treated semi- 
classically by neglecting the back-reaction effects, which are quantum effects, such as (3.9) or 
(3.13) is satisfied, the saddle- point approximation for the Cardy formula (3.7) and so the en- 
tropy formula (3.10) are good approximations, even with the higher-derivative/curvature terms 

^^This has been proved more rigorously and extensively in Ref. [54]. 
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in the gravity action [35]. There is another factor whose departure from unity is order of 
0[exp{^27rA^(A''= — Aj^j^)/ceff}], but this correction, if there is, is not comparable with the 
leading term (3.10) and other higher-order corrections, by departing the semi-classical limit 
of (3.13); in our case of the GCS-BTZ black holes there is already the corrections of order of 
0(r_/r+) in the leading entropy (3.10), but this dominates the exponentially suppressed correc- 
tions. Hence, the leading Cardy formula (3.7) would have quite general validity for any kinds of 
semiclassical black holes in the higher-derivative/curvature gravities unless the condition (3.8) 
or (3.12) is violated. 

2. Higher-order corrections to the saddle-point approximation: By relaxing the semiclassical 
condition of (3.9) or (3.13) but keeping only the condition (3.8) or (3.12), the higher order 
corrections in the Cardy formula (3.7) can be evaluated by the steepest descent method, known 
as the Rademacher expansion [57, 58]. The statistical entropy then becomes, up to fourth 
order, (see Appendix B for the details) from (B.12) 

^stat(4) = (^0+ + ^o") - \ log(^O^^O-) + log(c+ Ceff) + log(7rVl8) - ^ + ^) + 0{{S^)-') 

= ^stat-^log((^)'|7Vl(r^-ri))+log(|7V(j^)') + log(7rVl8) 

-I (^) \,.,-'^;i^r^) ^OiiGnf/rl^ iCnr/rl), (5.1) 

where denote the right/left-moving parts of the leading entropy formula (3.10), i.e., = 
log p(A='=) with Sq -\-Sq = ^stat and this is the expansion about the Planck constant h. It would 
be a challenging problem to compute the loop- corrected black hole entropies in the gravity side 
also and compare with the above CFT result (5.1). Actually, the loop corrections in the gravity 
side would not be trivial in this case since there would be now some propagating mode(s) with 
the gravitational Chcrn-Simons term [1, 2, 59], in contrast to the usual BTZ black hole [35, 60]. 

2|. Subtleties of extrem,al and near-extremal black holes : If I consider extremal bare black 
holes with r+ = r_, i.e., A^^f = 0, which saturates the mass bound m = j/l and has vanishing 
temperatures, there seem to exist some subtleties in the above manipulations. Namely, the con- 
dition (3.13) does not apply and the back-reaction effect would not be negligible anymore in this 
case, such as I would need to consider "infinite" higher-order corrections in the steepest-descent 
approximations, which seems to be highly divergent from (5.1); other infinite series of expo- 
nential correction terms are actually of the form 0[(A^ — A^jjj)'"(A^/ceff)"exp{— 27rA^(A''= — 
^mm)/cefr}] with some positive integers m and n [35] such as the problematic part does not 
contribute further. But, actually this is not quite correct as can be seen easily in the original 
partition function (B.l). In the case of extremal bare black holes, the left-moving sector is 
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absent in the partition function because of Lq — c /24 = such as total partition function is 
given by, from (B.12), 

27rr 3 /27rr \ / 3/ \ 1 

^stat(4): extreme = ^b^l ' ^ log (^ItI j + log (^7^^ j + 3 log(^Vl8) 

+ 0((G';i)7r^). (5.2) 




ir 

This gives the correct Bekenstein-Hawking entropy for the leading term as can be also read from 
(5.1) and there is no divergence in each order^^. This imphes that, in the "near-extremal" case, 
the naive divergence in each term of (5.1) would cancel each other and one would have only some 
finite entropy. Actually, this seems to be supported also by the exact Raedmacher expansion 
which shows that the exact entropy with all higher-order corrections is bounded by, up to some 
exponentially suppressed terms, the Bckcnstcin-Hawking entropy, i.e., < .Scxact < Sbh [61]; if 
there are no cancelations, the exact entropy Scxact would easily violate the above Birmingham- 
Sen's bound. On the other hand, it is important to note that the condition for the right-moving 
sector only can be satisfied, though not possible for the left-moving sector, such as the extremal 
bare black hole with a vanishing temperature does not always imply the necessity of the higher- 
order corrections; however, its relevance to the back-reaction effect is not clear [36]. 

On the other hand, the case of critical coupling |/3| = 1, which has the extremal bound 
= J'^/P but a non-vanishing temperature, has similar subtleties. In this case, one of 7''' 
vanishes such as the condition (3.8) would be ambiguous, even though overall 7^ factor can be 
canceled for a non-vanishing '-f^. And, the condition (3.9) can not be satisfied either such as 
its entropy has similar divergence problem from (5.1), as in the bare extremal black holes. The 
resolution is similar to the bare-extremal black hole, and the appropriate statistical entropies 
are given by, from (B.12), 

S.,.,., - -^^i^ - 2 log i ^%^) + log (24) + I .og(.Vl8) 

+ 0((GR)7H ± r_r) (5.3) 

for P — ±1 and these agree with the entropies (3.17, 3.18) in the leading order. But, if I 
consider the extremal bare black holes further with r+ = r_ , the entropy ior $ — 1 case reduces 
to (5.2), whereas that ior $ — —1 case has divergent higher order terms with the vanishing 




^^Interestingly, the factor "3/2" in the logarithmic term agrees with the corresponding corrections in the 
induced WZW model at the horizon within the context of CS gravity, in contrast to the factor "2" mismatches 
in the non-extremal black holes [35]. But, it is subtle to compare this with the purely gravity manipulation 
since there is no clear way to resolve a similar divergence problem. 
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entropy in the leading term. This subtleties can be resolved again in the original partition 
function language; there, the right-moving sector is absent, i.e., — c+/24 = due to 7+ = 1, 
whereas the left-moving sector is also absent, i.e., Lq — c~/24 = due to r+ = r_ such as one 
has only a single ground state with p(A+, A~) = 1; this system satisfies the Nernst formulation 
of the third law of thermodynamics [38], i.e., (Sgtat = logP — 0, to all orders ! 

3. Probing inside the outer horizon by the gravitational Chern-Simons action ?: Although 
there are some solid supports from the second law of thermodynamics and the CFT approaches, 
the inner horizon's data, which are required in the complete formulae, look strange still; of 
course, the necessity of the inner horizon's data seems to be a quite general feature with 
quantum corrections from the result of (5.1), but the problem is that it occurs even at the 
leading, classical level. Actually, this would be much strange in the Euclidean method of 
conical singularity [8] or in the Wald's approach to compute the black hole entropy, which gives 
the same entropy formula with the inner-horizon term even though it is given by some integrals 
over the outer horizon [8, 62]. So, understanding the roles of the inner horizon's data appearing 
in the thermodynamics relations would be a challenging problem; some possible probing, in the 
context of the AdS/CFT, beyond the event horizon have been considered recently [22, 23, 63], 
but this need further studies. 

4. Classical (in) stability of the |/3| > 1 black holes: For the large coupling of \P\ > 1, 
the black-hole angular momentum is greater than its mass J^/l^ > M^, and there arc three 
known cases which show this "exotic" property, including the gravitational Chern-Simons case, 
in D = 3 and 5 [15, 16]. There are no similar black hole solutions in D = 2 and 4, as far as 
I know. In D > 6, the "ultra-spinning" black holes arc possible in Einstein gravity [64], but 
it seems that there is a classical instability under small perturbations [65]. So, it would be 
interesting to investigate this classical (in) stability in our exotic cases also; there might exist 
some topological reasons for this, but it is not clear in our case since there are propagating 
modes also [59] , in contrast to the ordinary BTZ black hole and KdSs solution [43] . 

5. The first law of thermodynamics vs. Hawking radiation for > 1: A difficult problem 
of the new entropy formula for the case of large coupling > 1 is that it requires rather 
unusual characteristic temperature TL = «;/(27r)|r_, which is negative- valued (for P > 1), or 
TL' = — TL (for $ < —1), and angular velocity which is the inner-horizon angular velocity 
in BTZ if I "assume" the first law of thermodynamics. The negative-valued temperature might 
be understood from the existence of the upper bound of mass in (2.11), i.e., M < J/l with 
positive M and J, as in the spin-systems [66]. However, the very meanings of TL, Ti and Q_ in 
the Hawking radiation are not clear since the radiation spectrum is determined by the metric 
alone, in the standard analysis initiated by Hawking [67]. So, does this work imply that two 
black holes with identical BTZ metrics will emit radiation with different spectra, one a black 
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body spectrum corresponding to a positive temperature T+ for the weak coupling of \P\ < 1 and 
one a very non-black-body spectrum corresponding to a negative temperature T_ for the strong 
coupling of \P\ > 1 ? Or, does this imply that the first law of thermodynamics is "not" satisfied 
for 0\>1? 

This would be a difficult question whose complete answer is still missing. But here, I would 
like to only mention the possible limitation of the standard approach in this system and how 
this might be circumvented. An important point for this is that dynamical geometry responds 
differently under the emission of Hawking radiation. For example, the emission of energy cu 
would reduce the black holes's mass M from the conservation of energy, but this corresponds 
to the change of the angular momentum j, as well as m, in the ordinary BTZ black hole 
context, due to the mixing of the mass and angular momentum as in (2.10). This is in sharp 
contrast to the case of ordinary black hole. This seems to be a key point to understand the 
Hawking radiation in our system, and in this argument the conservations of energy and angular 
momentum, which are not well enforced in the standard computation, would have a crucial role. 
So, in this respect, the Parikh and Wilczek's approach [68], which provides a direct derivation of 
Hawking radiation as a quantum tunneling by considering the global conservation law naturally, 
would be an appropriate framework to study the problem. Currently this is under study. 

6. Green's function method and thermal equilibrium: The Green's function methods for 
determining the temperature of a black hole require an equilibrium with matter at the corre- 
sponding temperature [69]. This work now implies that the analysis, for the strong coupling of 
/3 > 1, assumes such an equilibrium with " some exotic surrounding matter " which has a neg- 
ative temperature^^, with an upper bound of energy levels as in spin systems: Otherwise, i.e., 
with the ordinary surrounding matter, the negative temperature black hole can not be at equi- 
librium with positive temperature surroundings since an object with a negative temperature is 
hotter than one with any positive temperature. 

I suspect that this would be rather easy to understand in our case from the fact that in 
the AdS space the artificial container is not needed in order to study the canonical ( or grand- 
canonical ) ensemble [72, 73]. But, in the context without the explicit container, there is a 
critical angular velocity [73] at which the action of the black hole or the partition function of 
its corresponding CFT diverges. However, I note that the critical value is the same as the lower 
bound of f2_, such as we are beyond the critical point with our angular velocity So, from 
this fact, it seems clear that the ensemble, if there is, in this strong coupling regime would be 
quite different from that of the usual BTZ black hole such as one can not simply apply the 

""^^The determination of the equilibrium temperature from the " fundamental period " in the thermal Green's 
function, known as the KMS ( Kugo-Martin-Schwinger ) condition [70], can be defined without the implicit 
assumption of a positive temperature, though not quite well-known in the gravity community ( see Ref. [71], 
for example ). 
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usual result to the strong coupling case. It seems that we need an independent analysis for this 
case. 

Appendix A. Conventions and some useful formulae in differential 
forms 

In this appendix, I summarize the conventions and some useful formulae in differential forms 
used in this paper. I have also included some details about the computations in order to ensure 
that the exact factor matching, which is directly related to the relation in (4.17) is a quite solid 
result, regardless of some normalization differences between different bases. I have used the 
Lorentzian metric for the internal Lorentz indices rjah = diag{^l, 1,1) and eoi2 = — e°^^ = 1. 
[ For the s-negative signatures in the metric generally, a number of formulae will contain the 
factor of (-1)^ [74, 59, 75]. ] 

The invariant quadratic forms for the 5'L(2, R) generators are (4.7), i.e., 

{Ja, Jt) = ^ (« ± {Jt, J?) = 0, (A.l) 

and the Lorentz indices are raised and lowered by the metric rjab- [ One can consider conve- 
niently the invariant form as (^J^, = (a ± f3l)Tr{J^J^) by considering the explicit matrix 
representation of the generators with Tr(J^J^) = (l/2)r]ab as in the Sec. IV, but the final 
results do not depend on the representations; thus, I will keep (A.l) in this appendix. ] 

Now let me prove (4.9), (4.11), and the relations in (4.17). To this end, I first note that the 
CS action in (4.9) can be written, in the component form for the internal space, as 

flcs[A] = 1^1^^ {vabA^" A dA-^' + i 6„,eA+" A A - (+--), (A.2) 

where I have used 

(A A AAA) = A^[A+,A+]^ + (+^-) 

= V«A^+''AA+V(4,J+) + (+--) 

= A A^' A ■ ^e„(.c(« + m + ^A-'' A A'" A A'' ■ ^e„,e(a - ^ 

= ^Q+e„bcA+" A A+^ A - ^n-eabcA-"" A A'^ A A'" (A.3) 

and 

(A A dA) = (A+ a dA-^) + (+ ^ -) 

= A d>l+^(j+,J+) + (+--) 
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(A.4) 



with the one-form gauge fields A = J+ + A"'' J~ and Vf^ — (31 ± a. 

By considering = cj" ± e"/i with the spin connections a;" and the triads e°', one can 
find that the CS action (A. 2) becomes, after some manipulations, 



47r 
k 



A1 



cj" A ( dcu„ + - eabc^^ A cu'^ ) + -e" A T„ 



+/? / f2e" A + e,6ee" Ae" AeA - P i u'' A e„, 

JA^ V 3<"^ / JdM 

where I have defined the curvature two-form, in vector form basis. 



(A.5) 



T>bc 



(A.6) 



from R^^ = dui + c<;"c A and uiah = —^abc^'^, ^" = {l/2)e ui^c [ note the difference in the 
numerical factors of the quadratic terms in (A.6) and the bracket of the first term in the final 
result of (A.5) such as the latter can not be expressed as i?" only ]. The negative sign comes 
from (—1)* factor when we consider eabc^"^ = {—^Yi^t^l ~ ^b^c) * negative signatures in 
the metric rjab- This becomes (4.9) in the compact form notation with the trace Tr, up to 
the boundary term-actually this becomes a "half" of the Gibbons-Hawking's boundary term 
2§j^K, for the extrinsic curvature scalar K of the boundary, in the gravity action [76] . Note 
also that there are factor "2" difference in the triple wedge products of a;'s between (4.9) and 
(A.5). 

Now, in order to determine the coefficients a, /3, I need to compare the result (A.5) in the 
vector basis with that of the usual tensor form basis. To this end, I first note that 



h = j2e''ARa = j eabce^AR'" 



= / eabcel ■ - R^^updx^ A dx'' A dx^ 

— 2i J ^^abc^ iJ,R vp 
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^ - j d^Xy/^ R, 



(A.7) 



where I have denoted Rbcup = dyuo^cu + ^^dv^'^'^'^ ~ iy ^ P) the second line and I have used 
dx^ A dx^ A dx^ = e^^^ d^x in the third hne; eabce"'pe"'ae"'i3 = ee^aii with e = [ e is the 

determinant of e"^ ] due to g^^^ = e'^^rjab^'^u in the fourth hne; the negative sign in the final hne 
comes from (—1)^ factor with s = 1. This is the usual Einstein-Hilbert action, up to the sign. 
Similarly, one can show that 

/2 = / ^ eabce" A A = / "^'^ ^ e^'''eabce\ A e^ A e% 



= I d'x^ — 6^''%,, 



I 



- / d-^x^ 



-9 y,, 



(A.8) 



where I have used e^^'^'e 



[—1)'^3\ in the final line. This is the cosmological constant action. 



Next, I note that 

73 = y A (dcua + ^ eabcUj'' A cu"^ 



de 



(A.9) 



The final line is the gravitational Chern-Simons 3-form in the tensor basis appeared in Refs. 
[5, 7, 9] and the first hne is in the vector form basis that appeared in Refs. [51, 74, 4, 59, 50, 49], 
up to overall coefficients. The relation to the component (tensor) form for the spacetime indices 
is given by 



uj\ A cu^d A u'^b 



^R'^Kp - i uj^^co'duU^X^ dx'' A dx" A dx" 

^bcixR^ 



I 



yhc j_ , ,b , ,c d 



(A.IO) 



This expression is what appeared in Refs. [1, 2, 8]. 
Finally, I note that 



/4 = y ^e" A r„ = J ■ ^Taupdx^' A dx' A dx" 



J d^x - e^'^f e^Ta.^pdx" A dx"" A dx^, (A.ll) 
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where Taup = d^e"- p + e^-bcUj'^^e^p — {u ^ p) is the torsion tensor. This action is what appeared 
in Refs. [51, 4, 50, 49]. 

Collecting all formulae together, I arrive at the following action for the generalized CS 
gravity, up to the boundary term in (A. 5), 

ICS = ^«(/3 + /4) + |^/3(/l + /2) 



+ ^ l.d'x-e>^''Pe\Ta,p. (A.12) 



- / £x - 

^TT Jm P 

This is the expression that appeared in Refs. [1, 2, 8], but it is easy to compare with other 
expressions in Refs. [7, 9, 50, 49] from the above formulae. Now, in order that the first term 
becomes the ordinary Einstein-Hilbert action Ieh = {l/lQnG) Jj^^iR + 2//^) with a negative 
cosmological constant A = in (2.1) I choose kp = — 1/4G, as in (4.17). Then, the 

gravitational Chern-Simons term becomes, in several equivalent expressions, 

T - ^ T 

^GCS = -r~ '^-'3 



^ A (dcua + ^ eabcUj'' A cu"^ . (A.13) 



327rG p Jm 
1 a 

"iGTrG^ 

By comparing the first line with (2.2) and Refs. [1, 2], [8] (the published version), I find 
P = a/ip = —l/fj,l = —Ps/l foi' the coefficient p in Refs. [1, 2] and pg in Ref. [8], as I have 
claimed in (4.17); by comparing the second line with Ref. [7], I find P = a/ip = —2>2tiGPkl/1 
for the coefficient Pkl in Ref. [7]; by comparing the third fine with Refs. [50, 49], I find 
P = a/ip = —IdnGas/l. Prom these relations one can ensure that the central charges between 
the anomaly approaches of Refs. [7, 8] and the classical symmetry approaches of Refs. [50, 16] 
agree exactly, even in the presence of gravitational Chern-Simons term, 

4ot 




1 / Ps\^ 
h[ ^ I 2G 



(A.14) 
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Appendix B. Cardy formula and its higher-order corrections 



In this appendix, I briefly review the physicist's derivation of Cardy formula and its higher- 
order corrections, for completeness of my discussions in this paper. 

To this end, let me begin with the partition function of the CFT on a torus, with the 
modular parameters r, f [30, 35] 

Z[t, f] = Tre'^'''^^^°~^^e-'^'''^^^°-^\ (B.l) 

This is invariant under the modular transformations r — > {ar + b)/{cT + d) (similarly for f), 
with the some integers a, b, c, d satisfying ad — be = 1, and the Virasoro generators L^, are 
defined on the "plane" with central charges c, c, with the algebras in the standard form, 

[Lm, Ln] = (m - n)Lm+n + -:^rn{w? - l)5m+n,0, 

[Lm, Ln] = (m - n)Lm+n + r^m{m^ - l)(5^+„,o, 

[L^,L„] = 0. (B.2) 

The density of states p(A, A) for the eigenvalues Lq = A, Lq = A is given as a contour 
integral (I suppress the f-dependence for simplicity, but the computation is similar to the 
r-part) 

p(A) ^ I dT e-2^'(^-^)^Z[T], (B.3) 

where the contour C encircles the origin in the complex q — e^^'^'^ plane. The general evaluation 
of this integral would be impossible unless Z[t] is known completely. But, due to the modular 
invariance of (B.l), one can easily compute its asymptotic formula through the steepest-descent 
approximation. In particular, (B.l) is invariant under r — > — l/r [30] such that 

Z[r] = Z[-1/t] = e-2'^^(^min-^Kz[^ 1 /r] , (B.4) 

where Z[—1/t] = Tre~^'^**-^"^^min^/^ approaches a constant value p(Amin) as r ^ iO+, which 
defines the steepest-descent path for a "real" value of A > Amin. With the help of this property, 
(B.3) is evaluated as, by expanding the integrand around the steepest-descent path r*, 

p(A) = / e''(^)Z[-l/T] (B.5) 
J c 

1 °° 1 



e'7(-*)z[-l/r*] X / dr ex.v\-r]^^\T -nf + Y.-r]^''\T -nY 
Jc I I n. 



X 



oo 1 

^^Z-^Z(-)(t-t. 



(B.6) 
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Here, 7j{t) = — 27riAeffr + 27riCeff/(24r), which dominates Z[1/t] in the region of interest, gets 
the maximum 



n{r.) = 2J^, (B.7) 



with T* = i\/cefr/24Aeff, when 

24Aeff 



Ceff 



> 1 (B.8) 



is satisfied. Here, 77^") = (d"?7/dr")|^=^,, = (d"Z/dr")|^=^,, and Ceg = c - 24A^in, Aeg = 
A — c/24; Amin is the minimum of A. Here, I am assuming "ceff, Aeg > 0" since, otherwise, the 
saddle-point approximation is not vahd for real valued Ces, Aeff. 

Then, in the limit of e — 00 with r* — i/e, the higher-order correction terms in the bracket 
[ ] of (B.6) are exponentially suppressed hence (B.6) is simplified as, up to 

the exponentially suppressing terms, 

p(A) = e^'^V'^effAeff/e X f dTe^p\-r]^^\r-nf + f^-r]^''\T-n)A, (B.9) 

•^^ n>3 J 

where I have used Z[ioo] = 1. This is known as the Cardy formula [30]. Note that here I need 

CeffAeff > 1 (B.IO) 

in order that the approximation is reliable, i.e., e^^'^"^ dominates in the integral of (B.5), as well 
as the condition (B.8), such as Z[—1/t] is slowly varying near r*. 

The integrals above could be evaluated by the steepest-descent method but the direct com- 
putation would be quite involved if one wants to go beyond the Gaussian integral. But fortu- 
nately there exits an exact, closed expression, due to Raedmacher [57], with the result [58, 61] 



1/4 ^ 

p(A) = e^'^VfieffAeff/e X ( /i(27rVceffAeff/6), (B.ll) 



up to the exponentially suppressed terms. So, its corresponding entropy 5'stat — logp(A) 



becomes, with 5*0 = 27ry 

1/4 



'S'stat — 'S'o + In 



'''' ' /i(^o) 



.96A,\ 



/ ^ \l/4 o 
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where /„(x') is the modified Bessel function of the first kind, and I have used its asymptotic 
series expansion for large x: 



1 - + 0(x-2) 



(B.13) 
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